t @) ket h(k) =0 YV heN Since Tis a lineas
operatar, T(o) =0 and thus, h(k+) = T(h(k) VkeN.
Hence, he S ond thus S s navmlo{y.

Next, lot §,g € S. Since T is linea, T(§0)+§(k)
= T(§()+ T(30) = Flen) + glkn), ¥ ke,
Therefore, [+9 €S

Finallj let feS omd a€R. again, using lineos; Ea
of T, T(aflk) = aT(f(k)) = a fls) Ve,

We canclude that S is a subspace.

b) ket we R
Defie F:N SR by §0) =T (%) for keN

Then f(kt) = T*() = (T“‘( )) T ($(W))
for all e N.
So fe S



c) ket T, m} be a basis of K"
We clam that Eﬁafz,-.-,)cn} ,aLo.)f:ned bjj
f: (k) := Th"(‘ls)
S a basis of S.
85 b), §i€d far ol 7§ =12,

1= LL,gn 5 ke N

Swppose ia =0 for a; R

Then 2 afi(1) =0 =) I a;x =0

=) @ =0y z..= ay=0 SNQ U, Un} S abas:sof R"
=> fi,fesw fo ote lineorly indopemoant.

Finally , let ge S, Siace g(kn) =T(g(k))
for ol ken, (k) = T"‘ (3(')) 4 kelN
Since $H %) ,xn} s a basis of R, we cam



But then g(k) = T (2 ;)

= % a; T () (snce T is lineas by linearity
(|

of T).

So g = Zafi = 3 = span(fife,fn)

1=y

We conclude that ﬂufz,...,fn} s a basis Of S,

4 a) het
h(2,,%,) = (7, 2n)

u‘);.n ,‘K|) ‘e k'(;"n,"lﬂ)

ke the Gram malix. By oefinition, G is symmelric
ond posibive re/miolc.f;n;ke.

Since 6 is Symmetric, if has real eigomvalues,
Let 4 €R be an eigenvoue af 6 with e:aemvcdor
ve R\ £ot.

Then Gv =M = v by =% =Alv|’

T .
So A = V—%{'\i 20 since OV o by positive



semekefiniteness of 6 andt IVl 70 Snee v 4o

b) Toke k(xy) = {f@), f(y))
Lek neN amd 2,23, % €K,
The Gram matrix is Now:

: ( <Fl), §)) <~ & H’fn),f('l.b)

{ 9(«:. ) fan)) -~ (f( %) )
Clearly, since {f(m), f () = Kf(x;),f00))

for all i,j =1,2,,0, the mafrix G is symmekric.
Now, let veR"

Then iﬁ('l fz)) V;
TGV = y! (

) ;z-. <f %), fln)) v,
v; ZAfx ) F)) v,
" usS:ng lineafit

RERDER) by
(), Zu f «-)> (Symrety)
f

-
-—

X
J=
2

C-



% 0 (us;na, nannesa‘:{vi(:j o} {, ))

P 6 s Symmettic posibive sexmid.e,finite =
liS pos:l'.'ve Somiolz,finilre.

Q) let k(ny) = (zyn).

Note that k,(o,o) =1, k(1,0 =1, "(7'10) =1, k—(3;°)
21, W) =4, k(z)) =9, kiz) =16, W(z,2) =
26, l(3,2) =49, (3,3) = 100. Moreover, (x,y) =
k(y ) vayeR

So th givem mosix i equol to the Gram mafnx

pl‘t(’”—u‘ll) .- lL("‘l)'l‘d
6-| '

k() = (o) |
with 2% = i - for 1 =12,34

We cam write L(xy) = 1122yt byt

O Ex ) (W'w)

31.



So fo V=R, X R, §:X-V
given by f(x) - (ﬁ’:),

we ﬁei' k(’”"fﬂ = (f(x))f(jD) where <J>

is the jstamdard inner prootuct (oot p!ootud) o IE"'.

By (b), ks positive se/m'.a!.e,J:n;te. o bj
defaition, @ is cymmeknic omek. positive Semiolefinite.
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T 2uet WWy +0 = 22 4w
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