
 

I a Let h h 0 he IN Since T is a linear

operator T o o and thus h Rti T h k kfN

Hence he S and thus S is nonempty

Next let f.ge S Since T is linear T f k g h

T f k T g k f kt1 g ht KEN

Therefore ftg S

Finally let ft S and at IR Again using linearity

of T Tlaf k at f k a f nti then

Therefore af E S

We conclude that S is a subspace

b Let at IR

Define f IN 112 by f h Th x for KEN

Then fluti Th a T Th x T f k

for all KEIN
So ft S



c Let 21,22 an be a basis of IR
We claim that fiste fn defined by

fi k Th ni is 1,2 n KEIN

is a basis of S
By b ties for all i 1,2 sn

Suppose aifi o for a EIR

Then aif i so In air so

a a an o since n mn is abasisofIR

f film fn are linearly independent

Finally let go 5 Since g ht T g h
for all hein g k The g i then
Since Risk mn is a basis of IR we can

express n

g i Aiki

where a FR for i 1,4min



But then g h Th ain

ai Th Xi since The is linear by linearity

of T

aif.lk
so g Σ aif S span f fe fn

is

We conclude that fists In is a basis of S

t a Let

G Y kami
klrn.nl klkn.mn

be the Gram matrix By definition G is symmetric

and positive semidefinite
Since G is symmetric it has real eigenvalues
Let A EIR be an eigenvalue of G with eigenvector
VEIR 0

Then GV Tv UTGV Autu 71 v12
So I 0 since vTGv 70 by positive



semidefiniteness of 6 and 1101170 since v40

b Take Klay f n fly y
Let new and n Ra Un EX
The Gram matrix is now

G
n fm ftent Fla
i

flail flail flin flan
Clearly since f ni f nil f n flai
for all i j 1,2 mn the matrix G is symmetric
Now let VEIR

Then
you µ

f ni f n Vi
i

Fri flan Vi

U É fail the Vi

usinglinearil

Vi Vif ni f ri in firstarg

I f R Vif ai 5 immetry

s f ni Vif ni



0 using nonnegativity of

So G is symmetric positive semidefinite
his positive semidefinite

c Let k nay nyt
Note that k 0,01 1 k 1,0 1 k 2 0 1 k 3,0

1 h 1,1 4 k 2,1 9 k 3,1 10 k 2,2

25 k 3,2 79 h 3,3 100 Moreover h x y
k 9 n try ER
So the given matrix is equal to the Gram matrix

1h1min
kami

i
hmmm k ni ni

with ki i t for i 1,2 3,4

We can write Klay it any n'y

a rn i



So for V R X R f X V
given by f n

we get kny f a f y where 4
is the standard inner product dot product on IR

By b his positive semidefinite So by
definition G is symmetric and positive semidefinite
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